In this paper, some common fixed point theorems for Lipschitz-type fuzzy mappings in complete metric spaces are obtained. As applications, we establish some common fixed point theorems for Lipschitz-type multi-valued mappings in complete metric spaces. Also, we give an example to show the validity of our results, which indicates that our results improve and extend several known results in the existing literature. MSC: 47H10; 47H04; 26A16
Introduction and preliminaries
The study of fixed point theorems in fuzzy mathematics was instigated by Weiss [] and Butnariu [] . Heilpern [] introduced the concept of fuzzy contractive mappings and proved a fixed point theorem for these mappings in metric linear spaces. His result is a generalization of the fixed point theorem for point-to-set maps of Nadler [] . Afterwords several fixed point theorems for fuzzy contractive mappings have appeared in the literature (see [-] Frigona and O'Regan studied some fixed point results for fuzzy (multi-valued) mappings T : X → F (X) in a metric space X respectively. This result is significant as it does not require the condition of approximate quantity for T(x) and linearity for X. Recently, Zhang [] established some new common fixed point theorems for Lipschitz-type mappings in cone metric spaces. These theorems extended the known contractive-type conditions.
The aim of this paper is to investigate some common fixed point theorems for Lipschitztype fuzzy mappings in complete metric spaces. As applications, we establish some common fixed point theorems for Lipschitz-type multi-valued mappings in complete metric spaces. Also, we give an example to show the validity of our results, which indicates that our results improve and extend several known results in the existing literature.
Throughout this paper we shall use the following notations and lemmas which were taken from [-, , ].
Let X and Y be nonempty sets. A multi-valued mapping T from X to Y , denoted by T : X →  Y , is defined to be a function that assigns to each element of X a nonempty subset of Y . Fixed points of the multi-valued mapping T : X →  X will be the points x ∈ X such that x ∈ T(x). http://www.fixedpointtheoryandapplications.com/content/2013/1/262
Let (X, d) be a metric space, and let C B(X) denote the set of all nonempty closed and bounded subsets of X. A fuzzy set in X is a function with domain X and values in [, ] . If A is a fuzzy set and x ∈ X, then the function value A(x) is called the grade of membership of x in A. The α-level set of A is denoted by [A] α and is defined as follows:
Here, B denotes the closure of the set B. Let F (X) be the collection of all fuzzy sets in a metric space X.
is called a fuzzy mapping if for each x ∈ X, T(x) (sometimes denoted by Tx) is a fuzzy set on Y and Tx(y) denotes the degree of membership of y in Tx. Let W (X) denote the set of all fuzzy sets on X such that each of its α-level is a nonempty closed bounded subset of X. 
Main results
In this section, we will establish some common fixed point theorems for a pair of Lipschitztype fuzzy mappings in complete metric spaces.
Theorem . Let (X, d) be a complete metric space, and let S, T : X → F (X) be two Lipschitz-type fuzzy mappings satisfying the following conditions:
are nonempty closed bounded subsets of X, and 
Since a, b, A, B > , by the same argument, we can find α  ∈ (, ] and
By induction we produce a sequence {x n } of points of X,
For k = , , , . . . , applying (.), (.) and condition (i), we obtain
Note that by condition (ii), we have
Similarly, we have
Using the inductive method, for k = , , , . . . , by (.) and (.), we can obtain
Next, we prove that the sequence {x n } is a Cauchy sequence in X. For any k < p, it follows from (.) and (.) that
By a similar reasoning process, we can obtain
Then there exists k with Since X is a complete metric space, then there exists z ∈ X such that x n → z as n → ∞. Without loss of generality, let us assume that n is even. Then by (.), (.) and Lemma ., we have
Similarly, we can prove that
. This completes the proof. 
where β  , β  , β  are three functions from X × X to [, +∞) such that http://www.fixedpointtheoryandapplications.com/content/2013/1/262
for all x, y ∈ X, then we have
, which imply the conditions of Theorem . are satisfied. Therefore, by Theorem ., Theorem . is proved.
Remark . Since each nonlinear contraction includes the case of linear contraction as its special case, each fixed point theorem in the above theorem implies a fixed point theorem for linear contraction. From Theorem . we obtain the following corollary.
Corollary . Let (X, d) be a complete metric space. Let S, T : X → F (X) be two fuzzy mappings. Suppose that for each x ∈ X, there exists α(x) ∈ (, ] such that [Sx] α(x) , [Tx] α(x)
are nonempty closed bounded subsets of X and
for all x, y ∈ X, where a  , a  , a  , a  are non-negative real numbers a  >  and η >  with
In addition, note that a  <  and (a  -a  )(a  -a  ) > η, we have 
. Then we easily see that conditions (i) and (ii) of Theorem . are satisfied. Therefore, by Theorem ., Corollary . is proved.
Applying Theorem ., we easily obtain the following fixed point theorem for Bose-type fuzzy mappings. 
Theorem . (Bose []) Let (X, d) be a complete metric space. Let S, T : X → F (X) be two fuzzy mappings. Suppose that for each x ∈ X, there exists α(x) ∈ (, ] such that [Sx] α(x) , [Tx] α(x) are nonempty closed bounded subsets of X and
Then we know that conditions (i) and (ii) of Theorem . are satisfied. http://www.fixedpointtheoryandapplications.com/content/2013/1/262
In addition, it is evident that
for all x, y ∈ X, which satisfies inequality (.) of Theorem .. Therefore, by Theorem ., the conclusion of Theorem . holds.
If
Then we know that conditions (i) and (ii) of Theorem . are satisfied.
for all x, y ∈ X, which satisfies inequality (.) of Theorem .. Therefore, by Theorem ., the conclusion of Theorem . holds. Similarly, we can prove some cases of
Then by Theorem ., the theorem is proved. http://www.fixedpointtheoryandapplications.com/content/2013/1/262
Note that by the conditions of Theorem ., we can obtain the following fixed point theorem for Vijayaraju-Marudai-type fuzzy mappings. 
In Corollary ., if b  = b  , then we can obtain the following fixed point theorem for Azam-Arshad-type fuzzy mappings. 
for all x, y ∈ X, where a  , a  , a  , a  are non-negative real numbers with a  + a  + a  + a  < . 
for all x, y ∈ X, where  < k < . Then there exists z ∈ X such that z
Then we know that the conditions of Corollary . are satisfied. Therefore, by Corollary ., the theorem is proved.
Application and example
In this section, we first establish some common fixed point theorems for Lipschitz-type multi-valued mappings in complete metric spaces. After that, we give an example to discuss the validity of the hypotheses of Theorem ., by which we can claim that our results improve and extend several known results in the existing literature. 
Theorem . Let (X, d) be a complete metric space. Let S, T : X → C B(X) be two Lipschitz-type multi-valued mappings. Suppose that for each x, y ∈ X,
where a  , a  , a  , a  are non-negative real numbers, a  >  and η >  with 
Conclusion
In this paper, some common fixed point theorems for Lipschitz-type fuzzy mappings and Kannan-Reich-type fuzzy mappings in complete metric spaces are obtained respectively. As applications, we establish some common fixed point theorems for Lipschitz-type multi-valued mappings in complete metric spaces. Also, we give an example to show the validity of our results, which indicates that our results improve and extend the results in [, , , , ] and [] .
